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Abstract
This is a theoretical paper, which is a continuation of [1], it considers the non-
abelian Lie algebra G of Lie groups for [Xi,Xj ] = c
k
ijXk ∈ G on the foundation of the
GCHS, where ckij ∈ C
∞ (U,R) are the structure constants. The GPWB 1 is nonlinear
bracket applying to the non-Euclidean space, the second order (2,0) form antisymmetric
curvature tensor Fij = c
k
ijDk, and Qsu quantity qi = w
k
iDk are accordingly obtained by
using the non-abelian Lie bracket. The GCHS {H, f} ∈ C∞ (M,R) holds for the non-
symplectic vector fieldXMH ∈ G and f ∈ C
∞ (M,R) that implies the covariant evolution
equation consists of two parts, NGHS and W dynamics along with the second order
invariant operator D
2
dt2
= d
2
dt2
+ 2w d
dt
+ β.
1
1 Preliminaries
1.1 Non-Abelian Lie algebra
A non-abelian group is a group (G, ∗) in which there exists at least one pair of elements
a and b of G, such that a ∗ b 6= b ∗ a. Most of the interesting Lie groups are non-abelian.
A Lie algebra is a vector space g together with a non-associative, alternating bilinear map
g× g→ g; (x, y) 7→ [x, y], called the Lie bracket, satisfying the Jacobi identity. For any
associative algebra L with multiplication ∗, The Lie bracket of two elements of Lie algebra
is defined to be their commutator in L: [a, b] = a ∗ b − b ∗ a 6= 0. The associativity of the
multiplication ∗ in L implies the Jacobi identity of the commutator in Lie bracket.
Definition 1 ( [4]). A Lie algebra is a vector space g over some field F together with a
binary operation [·, ·] : g× g→ g called the Lie bracket that satisfies the following axioms:
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(i) Bilinearity, [ax+by, z] = a[x, z]+b[y, z] for all scalars a, b ∈ F and all elements x, y, z ∈
g.
(ii) The Jacobi identity, [x, [y, z]] + [z, [x, y]] + [y, [z, x]] = 0, for all x, y, z ∈ g.
(iii) Anticommutativity, [x, y] = −[y, x], for all elements x, y ∈ g.
It is customary to express a Lie algebra in lower-case fraktur, like g. If a Lie algebra
is associated with a Lie group, then the spelling of the Lie algebra is the same as that Lie
group.
Lemma 1 ( [2, 4]). Let X1, · · · , Xn be a basis of Lie algebra G of Lie groups, [Xi, Xj ] ∈ G,
hence there are structural constants ckij ∈ C
∞ (M,R) such that
[Xi, Xj] = c
k
ijXk
satisfying the following properties
1. ckij + c
k
ji = 0
2. crijc
s
rk + c
r
jkc
s
ri + c
r
kic
s
rj = 0
Suppose that ∂
∂x1
, · · · , ∂
∂xn
is the basis of Lie algebra G on the Euclidean space Rn, then
it yields [Xi, Xj] = 0, where Xi =
∂
∂xi
∈ G, subsequently, structure constant ckij ∈ C
∞ (M,R)
of Lie groups hold ckij = 0. As explained, the GCHS on Poisson-W manifold (P,W, {, }) is
only for the non-Euclidean space, it implies that Poisson-W manifold (P,W, {, }) should be
built upon non-abelian group. In the GPWB, we will consider that [Xi, Xj] 6= 0 for the basis
Xi ∈ G. On the basis of lemma 1, we can obtain [Xi, Xj]χ = c
r
ijAr ∈ C
∞ (M,R), where Ar
is structural derivative.
The algebraic definition for the Lie derivative of a tensor field follows from the following
theorems
Theorem 1 ( [6]). LetM be n-dimensional C∞ manifold, X ∈ C∞ (TM), let LX : C
∞ (⊗r,sTM)→
C∞ (⊗r,sTM), θ 7→ LXθ satisfy
1. LXf = Xf, f ∈ C
∞ (M,R) = C∞ (⊗0,0TM) ,
2. LXY = [X, Y ] , Y ∈ C
∞ (TM) = C∞ (⊗1,0TM)
Theorem 2 ( [8], Poincare´’s lemma). Let O be a ball in Rm and F a k-form such that
dF = 0. Then there is a k − 1 form g on O such that F = dg.
1.2 Generalized Covariant Hamilton Systems
Let the cotangent bundle T ∗Q is the phase space of a configuration space Q. There
is an intrinsic symplectic structure on T ∗Q that can be described in various equivalent
ways. Assume first that Q is n-dimensional, and pick local coordinates (q1, · · · , qn) on
Q. Since (dq1, · · · , dqn) is a basis of T ∗qQ, we can write any α ∈ T
∗
qQ as α = pidq
i.
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This procedure defines induced local coordinates (q1, · · · , qn, p1, · · · , pn) on T
∗Q. Define the
canonical symplectic form on T ∗Q by
Ω = dpi ∧ dq
i (1)
This defines a two-form Ω, which is clearly closed, and in addition, it can be checked to be
independent of the choice of coordinates (q1, · · · , qn).
The GCHS has generalized the GHS to the more general form [1]
Dx
dt
= x˙+ wx =W (x)DH (x) , x ∈ Rm (2)
and greatly opened up a new insight to study the Hamiltonian system with extra stucture.
The GCHS includes the NGHS x˙ = dx
dt
= J (x)DH (x) ∈ C∞ (TM) and W dynamics
w = −ŴH = {H, 1} ∈ C∞ (M,R), The GCHS is compatible with the GPWB
{f, g} = Xfg +Xχ (f, g) ∈ C
∞ (M,R)
Based on the GCHS and the GPWB, we obtained the covariant evolution as a general
dynamical system D
dt
f = {H, f} ∈ C∞ (M,R), the GCHS {H, f} = Ω
(
XMH , X
M
f
)
is also
supported by a symplectic 2-form Ω ∈ C∞
(∧
2
T ∗M
)
on cotangent bundle T ∗M along with
non-symplectic vector field XMH which is supported by iXMf Ω = df ∧ dχ which is not always
zero based on the theorem 2 along with equation (1).
Conservative force, a particle of mass m moves under the influence of a conservative
force derived from the gradient ∇ of a scalar potential, the force is given by F = −∇V (r),
where V is potential energy. According to the covariant canonical equations and momentum
theorem d
dt
p = F , we can obtain the following corollary
Corollary 1. the force field F on the Poisson-W manifold (P,W, {·, ·}) is shown as F =
d
dt
p = −DH, its components is Fk = p˙k = −DkH, where D = ∇+ A, A = ∇χ.
Hence the GCHS can be naturally rewritten in the form {H, f} = JijDiHDjf = FiJjiDjf ,
in which the Fi = −DiH is the components of force F . Based on the GPWB, theoretically,
we have the conservation of energy given by {H,H} = JijDiHDjH = JijFiFj = 0, and the
GCHS is reexpressed as
·
xi = JijDjH = −JijFj = JjiFj.
Corollary 2. There is an invariance on the Poisson-W manifold (P,W, {·, ·}) such that
D2
dt2
f = f¨ + 2wf˙ + βf
for all f ∈ C∞ (M,R), where df
dt
= f˙ , d
2f
dt2
= f¨ , and β = w2 + d
dt
w.
Thusly, the second order covariant derivative of time D
2
dt2
= d
2
dt2
+ 2w d
dt
+ β is invariant
mathematical structure on the Poisson-W manifold. It also can be shown in the form
D2f
dt2
=
D
dt
{H, f} =
d
dt
(Difx˙i) + wDifx˙i
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where NGHS is x˙i = JijDjH . In order to prove the practical effect of corollary 2, we can
put it to one of the covariant canonical Hamilton’s equations,
◦
F k =
Dpk
dt
= −DkH + pkw (3)
Then we act the CTO on covariant force
◦
F k which leads to the consequence
D
dt
Dpk
dt
= −
D
dt
DkH +
D
dt
(pkw)
= −
d
dt
DkH − wDkH +
d
dt
(pkw) + pkw
2
=
d2
dt2
pk + 2w
d
dt
pk + pkβ
Obviously, we can draw a conclusion that second order form of covariant canonical Hamilton’s
equations with respect to time t holds invariance.{
ai =
D2xi
dt2
= d
2
dt2
xi + 2w
d
dt
xi + xiβ
D
2pk
dt2
= d
2
dt2
pk + 2w
d
dt
pk + pkβ
Hence we can regard acceleration flow ai =
D
2xi
dt2
= d
2
dt2
xi + 2w
d
dt
xi + xiβ as general geodesic
equation.
1.3 Generalized Poisson-W bracket
Definition 2 ( [1]). Let a vector field Xf = Jij∂if∂j ∈ TpM be given on the Poisson-W
manifold, so there is a bundle map
TfM : f ∈ C
∞ (M,R)→ XMf = Xf + fXχ
for all Xf , Xχ = JijAi∂j ∈ TpM . X
M
f is non-symplectic vector field, the space denoted by
(ZN ,Ω).
Analytic expression of the GPWB {f, g} = DTfJDg = JijDifDjg ∈ C
∞ (M,R) with
the vector operator D = ∇ + A,
{f, g} = DTfJDg = {f, g}GHS + f{χ, g}GHS − g{χ, f}GHS
for all f, g ∈ C∞ (M,R) [see [1] for more details].
Theorem 3 ( [1]). The generalized Poisson-W bracket of two functions f, g ∈ C∞ (M,R) is
shown as
{f, g} = {f, g}GHS +Xχ (f, g)
where {f, g} = −{g, f} is skew-symmetric, and Xχ (f, g) = fXχg − gXχf = −Xχ (g, f) is
together defined.
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With the support of theorem 1, the GPWB can be shifted to the form
{f, g} = LXM
f
g − LgXχf
this is very easily proved. Hence the identity holds LXM
f
g = LgXχf if {f, g} = 0.
Theorem 4 ( [1]). For all f, g, h ∈ C∞ (M,R), λ, µ ∈ R, the GPWB has the following
important properties
1. Symmetry: {f, g} = −{g, f}.
2. Bilinearity: {λf + µg, h} = λ {f, h}+ µ {g, h}.
3. GJI: {f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0.
4. Generalized Leibnitz identity: {fg, h} = {fg, h}GHS +Xχ (fg, h).
5. Non degeneracy: if for all F , {f, g} = 0, then {f, g}GHS = Xχ (g, f).
Theorem 5. Let (U, xi) be a given local coordinates on the Poisson-W manifold (P,W, {·, ·})
together with [·, ·] : g× g→ g such that
LXM
f
XMg =
[
XMf , X
M
g
]
|U = [Xf , Xg] + f [Xχ, Xg]
+ g [Xf , Xχ] + (2Xfg +Xχ (f, g))Xχ
for all XMf , X
M
g ∈ g and f, g ∈ C
∞ (M,R).
Proof. Let (U, xi) be a given local coordinates on the Poisson-W manifold (P,W, {·, ·}).
According to the definition 1 and theorem 1, Given a function K ∈ C∞ (M,R), and
XMf , X
M
g ∈ g, with the help of the theorem 3, then it follows the Lie bracket[
XMf , X
M
g
]
|U K = X
M
f X
M
g K −X
M
g X
M
f K
= (Xf + fXχ) (Xg + gXχ)K − (Xg + gXχ) (Xf + fXχ)K
= [Xf , Xg]K + f [Xχ, Xg]K + g [Xf , Xχ]K
+ (2Xfg +Xχ (f, g))XχK
then we prove the theorem.
Subsequently, on the basis of theorem 5, we can naturally verify the definition 1 one by
one. XMf ∈ g is generating vector function derived by the function f , hence taken a condition
f = g for alternativity, then
[
XMf , X
M
f
]
= 0 apparently. Clearly, anticommutativity is au-
tomatically satisfied as
[
XMf , X
M
g
]
|U = −
[
XMg , X
M
f
]
|U , bilinearity and the Jacobi identity
are obvious,
Operationally, taking the Hamiltonian H into the account which leads to the result[
XMf , X
M
g
]
H = [Xf , Xg]H − 2wXfg − f̂X (w, χ,H) (f, g)
where f̂X (w, χ,H) = wXχ+Xw +XχXH , owing to the GPWB supported by the structural
function χ or the structural derivative Ai, hence it implies that[
XMf , X
M
g
]
H − [Xf , Xg]H = 2wXfg + f̂X (w, χ,H) (f, g)
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2 Main Results
We will take the lemma 1 on the non-abelian Lie groups to analyze and discuss the GCHS
and its extensions. Consequently, the commutating relation of operator [1] Di = ∂i + Ai is
[Di, Dj] = Fij = [∂i, ∂j ] + ∂iAj − ∂jAi
Generally, called the second order (2,0) form curvature tensor. Owing to the consideration
of lemma 1, then we obtain Fijg = [Di, Dj] g = c
k
ij (∂kg + g∂kχ) holds for all g ∈ C
∞ (M,R)
on the non-Abel group, it can be simplified as Fij = c
k
ijDk, hence qi = Fijv
j = wkiDk, where
vjckij = w
k
i ∈ C
∞ (M,R),
Claim 1. Let Xi =
∂
∂xi
∈ G be the basis on the non-abelian Lie groups, then two operators
hold
Fij = c
k
ijDk, qi = w
k
iDk
where vjckij = w
k
i ∈ C
∞ (M,R). Fij is the second order (2,0) form antisymmetric curvature
tensor, and qi is calles Qsu quantity.
It subsequently leads to tk = qkH = w
j
kDjH = −w
j
kFj ∈ C
∞ (M,R). Plugging the
non-Abel condition into the corollary 1, then it gives the equation
ukj = DjFk −DkFj = c
i
kjFi ∈ C
∞ (M,R)
W dynamics can be reshown as w = XHχ = JjiFi∂jχ, therefore, we can obtain the below
corollary
Corollary 3. Based on lemma 1 and corollary 1, one has
tk = qkH = w
j
kDjH = −w
j
kFj
ukj = DjFk −DkFj = c
i
kjFi
where ujk = −ukj.
Theorem 6. Let the non-abelian Lie groups be given on the Poisson-W manifold (P,W, {·, ·})
along with the Hamiltonian H such that(
uji
ti
)
=
(
Fij
qi
)
H
is called reciprocal force equations.
Proof. On the basis of lemma 1, the claim 1 and the corollary 3, the proof can be directly
derived by the following(
Fij
qi
)
H =
(
ckij
wki
)
DkH = −
(
ckij
wki
)
Fk =
(
uji
ti
)
in which the corollary 1 has been plugged through the proof.
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within the framework of the GCHS, there are two second order of the GCHS with respect
to time and coordinates D
dt
Dxk
dt
, DiDj
Dxk
dt
, the former one is about the acceleration flow,
meanwhile the latter is about curvature. Dk
Dxk
dt
is also the considerable factors.
Theorem 7. Let vector field v = vi
∂
∂xi
∈ TpM be on the Poisson-W manifold (P,W, {·, ·}),
then dot product between D = ∇+ A and the GCHS is given by
D ·
Dx
dt
= ∇ · v + (x ·D + 2)w
where w = −ŴH = {H, 1} is W dynamics.
Proof. Based on the equation (2), let Dl act on the component expression of GCHS and
obtain
Dl
Dxk
dt
= Dlx˙k +Dl (wxk) = Dlx˙k + xkDlw + wδlk (4)
= ∂lx˙k + Alx˙k + xk∂lw + xkAlw + wδlk
If l = k holds for the (4), then the consequence will be accordingly obtained
Dk
Dxk
dt
= ∇ · v + (x ·D + 2)w (5)
where the divergence of vector v is ∇ · v = ∂kx˙k.
Apparently, this equation of theorem 2 simultaneously contains two kinetic quantities
v, w. Similarly, we can calculate the following corollary
Corollary 4. An identity is given
∂kjWjk = ∇ · v +
(
x · D̂ + 3
)
w
where ∂kj = DkFj + FjDk, Fj = −DjH is generalized force.
Obviously, this is a second order differential equation, If the divergence of vector field
v is 0, namely ∇ · v = 0, then it leads to the result ∂kjWjk =
(
x · D̂ + 3
)
w, this is only
connected to the W Dynamics.
Theorem 8. on the Poisson-W manifold (P,W, {·, ·}) along with D
dt
xi = {H, xi} such that
[Di, Dj]
D
dt
xi = ciij (∇ · v + w) + ϑ
k
jDkw + w
i
jAi
where ϑkj = x
ickij ∈ C
∞ (M,R).
7
Proof. By substituting the claim 1 and the GCHS (2) into together, one can calculate the
equation below
[Di, Dj]
D
dt
xi = ckij∂kv
i + vickijAk + wc
k
ij∂kx
i + xickij∂kw + wx
ickijAk
= ckij∂kv
i + wkjAk + wc
k
ijδ
i
k + x
ickij∂kw + wx
ickijAk (6)
= ciij
(
∂iv
i + w
)
+ ϑkjDkw + w
i
jAi
where ϑkj = x
ickij. Using the claim 1, the equation (6) can be rewritten as
[Di, Dj]
D
dt
xi = ciij (∇ · v + w) + qj + ϑ
k
jDkw − w
i
j∂i
As a result of theorem 8, we can deduce the general operator shown as
[Di, Dj]
D
dt
= Fij
D
dt
+ wckij∂k
for all function in the C∞ (M,R).
Theorem 9. Let covariant force
◦
F k =
Dpk
dt
∈ C∞ (M,R) be specified on the Poisson-W
manifold (P,W, {·, ·}) along with the non-Abel group such that
fkj = Dj
◦
F k −Dk
◦
F j = ujk + (cjk + Lkj + Lkjχ)w
is called reciprocal tensor. where cjk = ξjk − ξkj, Lkj = pk∂j − pj∂k, and antisymmetric
fkj = −fjk ∈ C
∞ (M,R).
Proof. The covariant force is shown by equation (3), then acting the covariant derivative Dj
on it, we derive the equation
Dj
◦
F k = Dj
Dpk
dt
= −DjDkH +Dj (pkw)
= −DjDkH + wDjpk + pkDjw − Ajpkw
Similarly, we have Dk
◦
F j = −DkDjH+pjDkw+wDkpj−Akpjw, we can derive the difference
by subtracting the two equations above
fkj = Dj
◦
F k −Dk
◦
F j
= FkjH + w (ξjk − ξkj) + (pkDjw − pjDkw)
= cijkFi + wcjk + (pkDjw − pjDkw)
= ujk + (cjk + Lkj + Lkjχ)w
since then the corollary 3 and antisymmetric (2,0) tensor Fij have been used for the proof.
According to the definition of ξjk in [1], naturally, it leads to the simple expression
fkj = ujk + (Lkj + Lkjχ)w
of reciprocal tensor at j 6= k.
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